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5— in' Abstract. In this note we prove Scurry's testing conditions for the bounded- 

■^^ , ness of a sequence- valued averaging positive dyadic operator from a weighted 

■ Lp space to a sequence-valued weighted Lp space by using parallel stopping 
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1. Introduction and statement of the theorem 

Let Xq be non-negative real numbers indexed by the dyadic cubes Q eV oi 
We define the operator T by 



pd 
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Suppose that 1 < p < oo. Let u and uj be weights. We are considering sufficient 
and necessary testing conditions for the boundedness of the operator T : L^{u) -> 
L^r{uj). By the change of weight a = u^^''^^^^' we may as well study the boundedness 
of the operator T(-cr) ■ LP{a) ^ L%{uj). 

In the case r = oo Sawyer [51 Theorem A] proved that for \q = |(5|°''^ with < a < d 
it is sufficient to test the boundedness of the operator T(-ct) : LP{a) -^ L^„{uj) 
on functions f = 1r with R e V. This testing condition holds for every Xq, as 
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2 TIMO S. HANNINEN 

one can check by using the well-known proof in which one linearizes the operator 
\Tf\^ = T,QeV ^q(/)q1b(Q) by using the partition 

E{Q) := {xeQ: \Tfix)\^ = \Q{f)Q and Aq,(/)q, < Aq(/)q whenever Q' ? Q} 

and applies the dyadic Carleson embedding theorem. The exact statement of the 
testing condition in the case r = oo corresponds to Theorem 11.11 with r = oo and 
with the dual testing (jl.2bp omitted. 

In the case r = 1 the boundedness of the sequence- valued operator T{-(j) : 
LP{a) -^ i£i(w) is equivalent to the boundedness of the real-valued operator 
S{-a): LP(a) ^ LP{uj) defined by 

Sf--=\Tfh= E^q(/>q1q- 

For the boundedness of S{-a) : i^(cr) -* LP{uj) it is sufficient to test the bound- 
edness of both the operator S{-a) : LP{a) -* LP{ll!) and its formal adjoint S{-U!) ■ 
LP (u) -^ LP (a) on functions f = Ir with R e V. These testing conditions were 
proven for p = 2 

• by Nazarov, Treil, and Volberg |4] by the Bellman function technique 
and for 1 < p < oo 

• by Lacey, Sawyer, and Uriarte-Tuero [3] by techniques that are similar to 
the ones that Sawyer [6] used in proving such testing conditions for a large 
class of integral operators /( -cr) : LP{a) -* LP{uj) with non-negative kernels 
(in particular for fractional integrals and Poisson integrals), 

• by Treil [8] by splitting the summation over dyadic cubes Q eV in the dual 
pairing (5/, <?)i,(„),^,.(„) by the condition V(Q)((/)5)P>a;(g)((5)^)P'", 

• and by Hytonen pQ Section 6] by constructing stopping cubes for each of the 
pairs (/, cr) and (.g,w) in parallel and then splitting the summation in the 
dual pairing {S'/,5)lp(i^)xLp'(l^) by the condition "7rjr(Q) c 7rg((5)". The 
technique of organizing the summation by parallel stopping cubes is from 
the work of Lacey, Sawyer, Shcn and Uriartc-Tucro |2j on the two-weight 
boundedness of the Hilbert transform. 

The exact statement of the testing conditions for the operator S{-a) ■■ LP {a) -* 
LP{ll!) corresponds to Theorem II. 2[ which is equivalent to Theorem 1 1 . 1 1 with r = 1 
for the operator T{-a) ■■ LP{a) -* i^i(aj), as explained in Remark 11.31 

In the case 1 < ?- < oo the testing conditions in Theorem 1 1.1 1 for the boundedness 
of the operator T( • cr) : LP {a) -> L^^ (w) were first proven by Scurry [7] by adapting 
Lacey, Sawyer, and Uriartc-Tucro's proof of the case r = 1 to the case 1 < r < oo. In 
this note we adapt Hytonen's proof of the case r = 1 to the case 1 < r < oo. 

Next we state Theorem ll.il Note that the formal adjoint T* : L^ , -^ LP of the 
operator T : LP ^ i^,- is given by 

The operator T is positive in the sense that if / > 0, then {Tf)Q > for every 
Q € 2?. Likewise, the operator T* is positive in the sense that if ^q > for every 
Q eV, then T*{g) > 0. For each dyadic cube R we define the localized version Tr 
of the operator T by 

QsR 
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Hence the formal adjoint T^ : L^^, -* L^ of the operator Tr : L^ -* L^^ is given by 

Qsfl, 

Note that for the formal adjoint {T{-<t))* : L^^,{u!) -* U' {a) of the operator 
r(-cr):iP(CT)^L^,(w) we have {T{-(j))* =T*{-uj). 

Theorem 1.1. Let 1 < r < oo and 1 < p < oo. Suppose that a and w are locally 
integrable positive functions. Then the two weight norm inequality 

(1-1) iin/^)iiL^.M<c'ii/iu.(,) 

holds if and only if both of the following testing conditions hold 

(1.2a) ||rfl(a)|Up^(^)<Ca(i?)i/P forallReV 

(1.2b) ||r^(.9a;)||^p'(^) < C"* I|5||l~,(c^)'^(-R)^^^ for all g = {aQlQ)Q^v 

with constants aq >Q. 

Moreover, C < Cpi _r''^Op p' (C +C* ) , where Cp'_r' is the constant of Stein's inequality. 

Remark 1.1 (Restrictions on the test functions in the dual testing condition). The 
dual testing condition (jl.2bp for all functions g is equivalent to the dual testing 
condition restricted to functions g such that |.g(a;)|r' = 1 for w-almost every x e M'*, 
which is seen as follows. Suppose that ||5||l~ (uj) < °°- Then|(7Q| < ||5||i,~ (a;)n~l5Ql 

it' ^ ' ^t' ^ ' \Q\t' 

for every Q e V w-almost everywhere. Note that |^f— (|.9Q|)Q€i?|r' = 1 w-almost 
everywhere. By the positivity and the linearity of the operator T* we have 

\T*{{gQ)Q^vuj)\ < T*{{\gQ\)Qevi^) < WglL-- ,(u,)T* {-—{\gQ\)Q^vi^). 

'•- \9\r' 

Moreover, the dual testing condition (|1.2b[) for all functions g = {gQ)QeT> is equiv- 
alent to the dual testing condition restricted to piecewise constant functions g = 
{aQlQ)Qev, as observed in Section [2?2] 



Remark 1.2 (Sufficient condition for the dual condition). The condition 

(1.3) \\TR{u)\\^^'^^^<C*uj{Ry'P' ioi&WReV 

implies the dual testing condition (jl.2b[) . This is seen as follows. We have that 

TRi{aQlQ)Q,VOj) 

= Y, ^QaQlQ('^)Q by the definition of r^ 

QsR 

^ l(aQlQ)Q6i5|r'|(AQ(w>QlQ)Qe-D:|r by Holder's inequality 

^ ll(aQlQ)IU~., I^fl(^)|r by the definition of Tr. 



Hence by (|1.3p we have 

\\TRiiaQlQ)Q^vUj)\\LP'(^„) < ||(aQlQ)||L~J|ri^(w)||^p/^^^ 

<C*\\{aQlQ)U-,i..MRy'P'. 
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Remark 1.3 (In the case r = 1 we may consider a real- valued operator). Consider 
the real-valued operator S defined by 

Sf--=\Tf\^= E^q(/)q1q- 
Note that in this notation the direct testing condition (|1.2a|) is written as 

Observe that the operator S '■ L^ ^ U' \s formally self-adjoint and that for the 
adjoint {S{-a))* : L^' {oj) -* L^' {a) of the operator S{-a) : L^ia) ^ LP(w) we have 
S{-a))* = S{-Ld). By Remark 11.21 the dual testing condition (|1.2b[) is implied by 
the dual testing condition 

(1-4) \\Sn{uj)h.'i.^<C*uj{Ry/p', 

and, conversely, the dual testing condition p.4p is implied by the dual testing 
condition (|1.2bp applied to the function g = {lQ)QeV- Therefore Theorem ll.il in 
the case r = 1 is equivalent to the following theorem. 

Theorem 1.2. Let 1 < p < oo. Suppose that a and lo are locally integrahle positive 
functions. Then the two weight norm inequality 

(1-5) I|5(/'t)|Up(.)<C'||/|Up(,) 

holds if and only if both of the following testing conditions hold 

(1.6a) \\SR{(7)\\Lvi^)<Ca{RYlP for all Re V 

(1.6b) \\SR{Lj)\\^,'^^^<Cuj{Ry'P' for all Re V. 

2. Proof of the theorem in the case 1 < r < oo 
Notation. We use the following standard notation: (/)q := ^rny/o/fj (/)q •= 

I^/q/' and \g\r^ := \\g\\er,. 

Proof of the necessity of the testing conditions. By duality the norm inequality (jl.ip 
for the operator T{-a) : L^{<j) -^ L^,. (w) is equivalent to the norm inequality 



(2.1) l|T*(5^)|L.'(,)<C||,9||^,, 



(CJ) 



for the adjoint operator T*(-w) : LF ,{lli) -* L^ (a). The necessity of the direct 
testing condition ()1.2aP follows by applying the norm inequality ()l.ip for functions 
/ = 1/f and the necessity of the dual testing condition (|1.2b[) follows by applying 
the norm inequality (j2.ip for functions gl^ and using the estimate 

ll.9lfllUp;,(^)<ll5llL~,Mw(i?)'^^'. 

D 

Proof of the sufficiency of the testing conditions. By duality the norm inequality 
(jl.ip is equivalent the following norm inequality for the dual pairing 
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2.1. Reductions. 

Claim (Reduction). We may assume that f > 0, gq > for every Q e V, and 
g = {aQlQ)Q^T> for some constants oq > 0. Moreover, we may assume that the 
collection V is finite and that for some Qq eV wc have Q £ Qo for all Q eV. 

Proof of the claim. Since 

KT'C/^), (9q)q.p>^p (^),^P' („)| < {T(|/|a), (|.gQ|)Q,p) ,. 

\\f\\Lp(a) = III/II|lp(<t) and \\igQ)Q,v\\^P' ,^. = ||(|5qI)q6X)||^p' („), we may assume 

that gq >0 and / > 0. By the monotone convergence theorem we may assume that 
the collection V is finite and that all dyadic cubes in the collection V are contained 
in some dyadic cube Qq. We observe that 

(2.2) ^;f "''' 

= E ^q((.9q)q1q^)q1q=7^*(((.9q)q1qM- 

QeV 

For 1 < r' < oo and 1 < p' < oo we have by Stein's inequality 
\\i{9Q)Q^Q)h^' ^^.^Cp.y\\(gQlQ)\\^,, 

for 

(2-3) ^^'-' = [{EYlr ifp.<,,- 

Hence we may assume that the function g is piecewise constant in the sense that 
g = {aqlq) for some constants ag > 0. D 



Remark 2.1. The constant (|2.3p in Stein's inequality can be checked in the following 
well-known way. Let {J-k)keZ be a filtration. By Doob's inequality 

m{f\^k))k.z\\L'^^<p'\\f\\L. 

for all 1 < p < oo and for all nonnegative functions /. From this it follows directly 
that 

||(E(.gfe|J-fe)fe.zllLP„ < ll(IE(k-U|^fc)fc.ziLP„ <p'll(fffc)fc.zllL-„ 

and by using duality that 

(2.4) ||(E(gfc|J-fc))fc,z||LP <p\\{9k)k,z\\L- 

for all 1 < p < oo and for all nonnegative functions {gk)kez- Hence in the case p/r > 1 
wc have by Jensen's inequality and by the inequality p.4[) that 



||(E(5fc|.Ffc))fc.z||L^. = m{gk\TkY)k.z\\\':/. 

< m{9i\w)k.z\\]':^. < i-v'i\{9i)k.z\\'t. = {-y'i\{9k)kez\\L^^^. 

Case p/r < 1 can be checked by using duality. 
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2.2. Constructing stopping cubes and organizing the summation. Next we 
define recursively stopping cubes for eacli of tlie pairs (/, o") and {g,ui). 

Claim (Construction and properties of tlie stopping cubes related to the pair (g, oj)) . 
Let clig(G') be the collection of all the maximal dyadic subcubes G" of G such that 

(2.5) |(aQ)Q,p:|,„>2(|5|,,)g. 

Q2G' 

Define recursively ^o ■= {Qo} and Qk+i ■= Da^Gk chg(G). Let Q ■■= Ur=o Qk- Let 

Eg{G):=G^ U G'. 

G'Echg(G) 

Define Trg{Q) as the minimal G eQ such that Q £ G. Then the following properties 
hold: 

(bl) The sets {G'Jo'^chgiG) u {Eg{G)} partition G. 

(b2) The collection {Eg{G)}G€g is pairwise disjoint. 

(b3) ojiEg{G)) > ia;(G). 

(b4) \{aQ)Q,v:\r' <'2{|.9|,.'>:; ,^) 

(b5) \\igQ)Q.v: ||L~,M<2(|.g|.,)g. 

Proof of the claim. The property (bl) holds because G' € chg(G') are maximal sub- 
cubes of G and Eg{G) is the complement of UG'echg(G)G" in G. Next we check 
the property (b2). By definition of the set Eg{G) we have that the collection 
{Eg{G)} u {G'}G'echg(G) is pairwise disjoint. Since Eg{G') £ G", the collection 
{Eg{G)} u {Eg{G')}Qi^chg{G) is pairwisc disjoint. This together with the recursive 
definition of the collection Q implies by induction that the collection {Eg{G)}Geg 
is pairwisc disjoint. 

Next we prove the property (b3). We have 



> E {\9\r')G 



^{G') , /,„, ,. ojiEg(G)) 
;(G) 

^(G') 



{|.9|.,)g= E (lgl»)a-^77^ + (|gU)^g(G) ' ,'/' the law of total expectation 

G'echg(G) '^V'^-' '*^(.<-^i 



^(G) 

C.(G') 



G'echg(G) 

^ E KaQ)^^!'^'- 

G'€chg(G) Q2G' 

>2{\9\rrG E 4?!r by (1231 



G'echg(G) 



^(G) 

(GO 
'(G) 



Hence 



1 



E u{G')<-i.iG), 



G'echg(G) 

which by the definition Eg{G) ■= G \ UG'Echg(G) G' is equivalent to 

^i^a(G)) > ic.(G). 

Next we prove (b4). Assume that TTg{R) = G. By definition this means that 
G € Q is such that R 9 G and that there is no G' e Q such that R 9 G' <^ G. If we 
had 

\{aQ)Q^'D:\r' >2(|.g|r')g, 

Q3R 
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then by definition of the collection ch.g{G) there would be G" e chg(G') such that 
R£ G' and G' Ct G, in which case R£ G' $ G. Therefore by contrapositive we have 

\iaQ)Qe-D:\r'<2{\g\r.rG- 

Next we prove (b5). Observe that the function x i-^ {o.QlQ{x))QeT>; is sup- 

ported on UQei5:7rg(Q)=G Q- Let x be in the support of the function. Let Q^ be the 
minimal Q € D such that Q 5 x and '!Tg{Q) = G. By the piecewise constancy and 
the property (b4) we have 

\{aQlQ{x))Q^V: \r' = \{aQ)QeV: \r' < \(aQ)QeV: \r' < 2{|5|r'>" (QO = 2(|g|r')S- 

7rg(Q)=G T! g{Q)=G and Q3Q^ Q^Q^ 

This completes the proof of the claim. D 

For the pair (/, a) we choose the stopping cubes as in the case r = 1, which is as 
follows. Let chjr(F) be the collection of all maximal dyadic subcubes F' of F such 
that 

(2.6) (/)?■,> 2(/)?,. 

Define recursively J^o ■= {Qa} and J-k+i '■= Upej^k ch:F(-F). Let T ■= UkLo^k- Let 

E^{F) := ^ N U F'- 

Define TTy^{Q) as the minimal F e T such that Q £ F. The construction has the 
following well-known properties. 

(al) The sets F' e chjr(F) and Eyr{F) partition F. 

(a2) The collection {Eyr(^G)}G^jr is pairwise disjoint. 

(a3) aiE^iF)) > ia(F). 

(a4) (/>5<2(/)^^(Q). 

Next we split the summation in the dual pairing by using the stopping cubes. 
Let 7r(Q) = {F,G) denote that ny^(Q) = F and ng{Q) = G. 

(2.7a) ^E(E E XQ{aQUj)Q ffa) 

-FSG^(Q) = (F.G) 

(2.7b) +E(E E XQ{m<^)Q fgQio). 

FiJ^ Gig QeV -"-^ 

Gc_F^(Q)=(i^^G) 

Remark 2.2. As explained in Remark 1 1.3[ in the case r = 1 we may deal symmetri- 
cally with the pairs (/, cr) and (g^uj). Hence in the case r = 1 we may impose the 
stopping condition 

{9)g'>2{9)g- 
for the real- valued function 5, as it is done in Hytonen's proof [I] Section 6] of the 
case r = 1, whereas in the case 1 < r < 00 we reduce the sequence- valued function 
g = {gg) to the piecewise constant function g = (aglg) and impose the stopping 
condition 

\{aQ)Q^-D:\r' > 2(\g\rr)G ■ 
Q3G' 
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2.3. Lemma. The following well-known lemma will be used in Section [Z4l and in 
Section ESI 



Lemma 2.1 (Special case of dyadic Carleson embedding theorem). Let 1 <p < oo. 
Suppose that {-B.^(i^)}Fe.F is a pairwise disjoint collection such that for each F ^ T 
we have Ejr{F) £ F and a{F) < 2a{Eyr{F)). Then 

(E((I/I)f)M^))'^'^21/VII/IIl.(.)- 

Proof of the lemma. By the definition of the Hardy-Littlcwood maximal function 
we have (|/|}'p < inip M'^f. Moreover we have the norm inequality ||Af'^/||i,p(cr) ^ 
p' \\ f \\ LP (a) ■ These facts together with the assumptions yield 

D 

2.4. Applying the dual testing condition. Let us first consider the summation 
(|2.7ap . Assume for the moment that wc may replace / in the summation (|2.7ap 
with functions /g that satisfy 

(2.8) {T.\\fG\\U.,f'' <^P'\\I\\L.i. 



(„-)) ^OP \\J\\Lp(cr)- 

Gsg 



Then we have 



E E E >^q{9^)q ffG<y 

F'^G ^(Q)^(^F.G) 

^ / ( ^ ^Q(gQ^)Q^Q)fG<^ by relaxing the summation condition 



^g(Q)=G 



E / ( E •^Q((5G)Qw)QlQ)/Gcr by defining go ■= {gQ)Q^V: 

Gee Q^T) ■rrg{Q)=G 

E ifcTcigG ^)) LP {a) X LP' (a) 



Geg 

Ell 

Gee 



^ E II /g II LP (<t) II TcCffG w)llip'(^) by Holder's inequality 



< C* E ll/G||Lp(^)ll5G||L~,(a;)w(G')^/P by the testing condition (|f.2bp 



Gee 



< 2C* E ll/G||Lp(a)(|.9|,.,)S^(G)'/P by the property (b5) 

Gee 

< 2C*{ E II/g|IL(.))'^"( E (U-rGy'^iG))"'' by Haider's inequality 

Gee Gee 

< 2'-'/p'pC*{ E ll/G|lip(„))'/''||g||^P' (^) by LemmaEH 

Gee H'' 

< 4:pC*5p'\\f\\LP{a)\\9\\^p' (^) by the claimed inequality ([21 

Next we prove that we may replace / in the summation (|2.7ap with functions fa 
that satisfy the claimed inequality (\2. 
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Claim. In the summation ()2.7ap we may replace / with functions fa that satisfy 

(EII/gIIL(.))'^''^5p'ii/iu.(.). 

Geg 

Proof of the claim. Since the summation condition TTg{Q) = G impUes that Q ^ G 
and since the sets G" £ ch5(G) and Eg{G) partition G, we have 



f fcr= f f<y+ y f fa 

JQ jQnEg(G) n'.rh^(n^~'Q"G' 



nEg{G) G'€chg(G)- 

We may suppose that QnG' + because otherwise the integral over QnG' vanishes. 
Then either G' f Q oi Q ^ G' , the latter which is excluded by the summation con- 
dition Trg{Q) = G. Hence we may restrict the summation index set {G' e chg(G)} 
to the set {G' e chg{G) : G' ^ Q}. Therefore 

[ fa= f fa={f)l..a{G')= f {f)'h,lG'<y- 

JQnG' JG' JQ 

The summation conditions Try^{Q) = F and F ^ G imply that Q ^ F £ G. Therefore 

{G' € che(G) : G' 5 Q} c {G' e chg(G) : G' g F g G for some F e T) 
(2.9) = U {G'6chg(G):^^(G') = F}=:cha(G). 

TTg(F) = G 

Altogether we have 

U^^iif^EgiG)+ E {f)G'iG')cr=--ffGa. 

-'Q -"3 G'Ech*(G) -"3 

Next we check the claimed inequality (|2.8p . By the triangle inequality we have 

WfclLPia) ^ ll/l_Eg(G)llLP((T) + II E (/)g'1g' II-Lp(o-) 7 

G'€ch*(G) 

which by the triangle inequality and by the pairwise disjointness of each of the 
collections {G'}G'iEch*(G) ^-nd {Eg{G)}Geg implies that 

(E II/gIIL(.))^/^< (E ll/ii.«(G)IIL(.))^^^ + (E II E (/)&'iG'IIL(.))'^^ 

Geg Gee Gee G'echJ(G) 

^(IIE Ai^.(G)IIW))'^^ + (E E II(/)&'1g'1IW))'^^ 

Geg GegG'ech*(G) 

^II/IIl.(.) + (E E ((/)&')Mg'))'/^- 

Ge£;G'ech*(G) 
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We can estimate the last term as follows. 

Z E ((/)&'r^(G') 

GeaG'6chJ(G) 

= Z E E ((/)g')V(G') by ^M 

GtiG Fey^: G'echg(G): 

<E E 2^((/)f)^( E ^(G')) by the property (a4) 

Gee FeJF. G'6chg(G). 

- ^'^ E E ((/)f)''^(^) because ch5(G') is pairwise disjoint 

Gee FiJ^: 

TTg(F)=G 

= 2" E i{f)Fy'^(P) because J^ = U (^ ^ -^ ^ T^gCi^) = G} 

FeJ^ GeS 

<2''^1(P'FII/Ili.(.) by Lemma EH 

Altogether 

( E II/gII^p(.))'^" ^ II/IUp(.) + 2i/^-Vi/|u.(,) < 5p'i/iu.(.). 
Gse 

This concludes the proof of the claim. D 

2.5. Applying the direct testing condition. Next we estimate the summation 
(ITTbll . 



E E E AQ{/>5{a>Q f SQU 

GSF^(Q) = (_F,G) 

S 2 E </)f E E ^q{'^)q f 9Q^ by the property (a4) 

F€.F Gee QeV -'^ 

= 2 E </)f / E (rF(cr))Q(.gF)QW by .gF := {9q)q^v 



FiJ^ -^ QeP 7r(Q) = (F,G) for some 

Gee such that GsF 



2E(/)F(TF(a),.gF)^P 



FeJ=- 



LP,(c^)xLP^,(c^) 



^ 2 E (/>Fll'?>(CT)||LP,(<..)llffF||^p' . , by Holder's inequality 



Fe.F 



< 2G E (/)f^(^)^^''II3f||^p' . ^ by the testing condition PT^ 

FeJP i'- 

< 2G( E ((/>f)'''^(^))'^^( E \\9Fr', , yl^' by Holder's inequality 

Fe^ Fe^ ^'.'(") 

< 2C2p'\\f\\L.(.){ E llffFllf,, , ^^1"' by LemmaEH 

The proof of the following claim completes the proof of the theorem. 
Claim. We have 

(2-10) {Thpf', f''' <Mq\\r^' , ^• 
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Proof of the claim. By definition the components of the function gp = {0'Q^q)qex{f) 
are indexed by the set 

1(F) = {QeV: 7r(Q) = (F, G) for some G e g such that G g F}. 

The function gp is supported on Uqiei(_f) Q- Since the condition 7Ty^{Q) = F implies 
that Q c F, we have that \jQeX{F) Q ^ F. Since the sets F' e chjr(F) and Ey^(F) 
partition F, we have 

gF=9FlE^{F)+ Y. 9fIf'- 

F'ech:F(F) 

By the triangle inequality we have 

i-^^iiP^Cc^) ^ \\9fIe^(f)\\lp\(^) + II E 9fIf'\\^p' ,y 

which by the triangle inequality, by the fact [gplr' ^ |ff|r' and by the pairwisc dis- 
jointness of each of the collections {Ejr(F)}Fey^ and {-F''}_f'6c1i;f(_f) implies that 

( E isFii^' ,y"' ^ ( E \\9FiEAF)\i, ,/"' + ( E II E 9fif4i, ,y"' 

^ (II E 9^E,,F^\, ./''' + ( E E ll.9^ii^'li;; ,/"' 

<\\g\\rp' r .+iy y ii9f1f'||'''' y'""'- 

It remains to estimate the last term. Consider the integral 

iiffFiF'ir' . = f igpf, = lfF'(i^Q^x(F)4'^Qi^^y''''r'^i^)d^ if i < / < oo, 

Let Q £ I{F) and i^' € ch:F(-F). The cubes Q and F' for which Q n i^' = 
do not contribute to the integral. Hence we may restrict to the cubes such that 
Q n F' t 0. Then by nestedness either F' ^ Q or Q Q F' , the latter which is 
excluded by the condition 7rjr(Q) = F. Hence F' ^ Q. Moreover, we have that 
T^g{Q) = G for some G ^ F, which implies that Q Q G Q F. Altogether we have 
F' <^ Q c G £ F. Therefore we may replace the summation over the index set 
ch;r(-F) with the summation over the set 

ch;.(F) = {F' e chjr{F) ■■F'cG'^F for some G e g} 

(2.11) = U {F'ech^{F):7rgiF')=G}. 

G^g-. 

TTj.{G)=F 

and we may replace the index set I{F) with the index set 
(2.12) 
I(F, F'):={QeV:Q^ F' and 7r(Q) = {F, G) for some G e g such that G^F}. 

By the containment 

I{F,F')c{QeV:Q^F'} 
and the property (b4) we have 

(2-13) l(aQ)Q€l(F.F')|r-' ^ \iaQ)QeV: \r' < 2(|.g|r')"g(F') • 

Q^F' 
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Therefore 



= E E \\iaQ)Qei{F,F')'^F'f, thc replacements (12JJJ and (12J2| 

< E E 2P'i{\g\rr.,iF')r'^iF') by (EH 

< E E E 2^'((l5l.')^,(F'))''^(^') by (EUD 

Fe;f GeS F'ech^(F) 
7r^(G)=F ^g(p,/)^(-; 

= 2^'E E ((I5I.')g)'''( E '^(n) 

F€;i=- Gee F'ech^(F) 

7r^(G)=F ire(F')=G 

- 2^ E E ((I5I'")g)'' '^('-') because chjr(F) is pairwisc disjoint 

F£j^ GeS 

7r^(G)=F 

= 2P' ^ ((|5|,,)g/^(G) because 5 = U (G e : 7r^(G) = F} 

Gee FeJP 

< 2^'+ V' bir' ' by LemmaO 
Altogether 

This completes the proof of thc claim. D 

D 

Remark 2.3. In fact each of the proofs [3l[8l[T] for r = 1, the proof [7] for 1 < r < oo, 
and the proof [S] for r = oo each works in the case T{-uj) : U'{a) -* L'r(w) with 
1 <p < q < oo. Also the proof of this note works in that case by using the following 
facts. For p' > q' the estimate || • ||^p' < || • ||^,' implies that 

( E iU'rcTu^iG))"^' < ( E ((l5|,v)S)^'u;(G))i/'' 

Geg Geg 

and that 

(Eii5fp' j^/^'<(eii.9fii'' y/'^'. 

Moreover, the estimate (|2.10p holds for every p', hence in particular for g', as it is 
seen from the proof of the estimate. 
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